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PSEUDO-CANONICAL FORMS AND INVARIANTS OF SYSTEMS OF 

PARTIAL DIFFERENTIAL EQUATIONS* 

BY 

ALFRED L. NELSON, 

1. INTRODUCTION 

The theorv of invariants of the linear ordinary differential equatioll dates 
from 1869, when Sir James Cocklet obtained certain seminvariaiits. In later 
papers he made progress in the theory, while other writers,j notablv Laguerre, 
Brioschi, Halphen and Forsyth, extended his results. The theory thus 
developed presents a striking analogy to the theory of algebraic invariants. 
One point of similarity, with which this paper has much to do, is the fact that 
by means of a transformation of the type y = X (x) -, the linear differential 
equation 

y(fn) + pi ny(ny1) + + Pn = 0 

may be made to assume a canonical form, in which the coefficient of y(n-1) is 
zero. The remaining coefficients are then unchanged when the equation is 
subjected to any transformation of the type in question, i.e., they are absolute 
seminvariants. The seminvariants thus obtained are moreover a fundamental 
set, in the sense that anv seminvariant whatever is a function of them and of 
their derivatives. 

The work of WYilczynski? has shown how the previous theory may be ex- 
tended to include completely integrable systems of linear homogeneous partial 

* Presented to the Society, September 2, 1919. 
t The Correlations of Analysis, P h i l o s o p h i c a l M a g a z i n e, ser. 4, vol. 24, pp. 

531-534. 
1 In the first pages of an article " Invariants of the General Linear Differential Equation antd 

their Relation to the Theory of Continuous Groups," A m e r i c a n J o u r n a 1 o f MI a t h e - 
m a t i c s, vol. 21 (1899), pp. 25-84, Boutoni gives a brief sketch of these contributions. 

? Projective Differential Geometry of Curved Surfaces, these T r a In s a c t i o n s , vol. 8 
(1907), pp. 233-260. 

One-Parameter Families and Nets of Plane Curves, these T r a n s a c t i o n s, vol. 12 
(1911), pp. 473-510. 

Sur la Th6orie Generale des Congruences, M e m o i r e s d e I ' A c a d e m i e R o y a I e 
de Belgique, Classe des Sciences, ser. 2, vrol.3 (1910-1912). 
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differential equations. In various papers, he and others* have obtained 
canonical.forms of certain such systems, making use of the transformation 
y = X (1u, v) y. As in the theories referred to, the coefficients of a canonical 
form are a fundamental set of seminvariants. Greent has proved that for a 
very large class of completely integrable systems, such a canonical form can 
always be obtained, and that its coefficients will have the usual proper- 
ties. Finally should be mentioned a paper of Wilczynski,1 in which is given 
a general proof covering all known theories of invariants, as well as many 
others. 

It is characteristic of all the work just referred to that the actual existence 
of a canonical form has been considered necessary to the proof that the coef- 
ficients of such a form are seminvariants. This has resulted, in so far as partial 
differential equations are concerned, in a failure to obtain canonical forms 
characterized by the vanishing of certain coefficients. ? Instead, certain func- 
tions of the coefficients have been made to vanish. The seminvariants secured, 
therefore, have not been as simple as might be desired. The author 11 has 
shown that, for a large class of completely integrable systems, a fundamental 
set of simpler seminvariants can be constructed as the coefficients of a pseudo- 
canonical form. These non-existent pseudo-canonical forms are characterized 
by the vanishing of certain coefficients. The proof used seemed more compli- 
cated than necessary, and one of the aims of the present paper is to furnish a 
simpler one. 

A second purpose is the extension of the theory presented in the previous 
article to include semi-covariants, invariants and covariants. 

Attention will be confined to partial differential equations with a single 
dependent variable, although the facts exhibited will hold for systems having 
two or more dependent variables, provided the transformations used are of 
the type discussed in this paper. It must be admitted, however, that such 

* W. W. Denton, Projective Differential Geometry of Developable Surfaces, these T r a n s - 
a c t i o n s, vol. 14 (1913), pp. 175-208. 

G. M. Green, Projective Differential Geometry of Triple Systems of Suirfaces, Columbia 
Dissertation, 1913. 

G. M. Green, Projeclive Differential Geometry of One-Parameter Families of Space Curves, 
and Conjugate Systems of Curves on a Surface, A m e r i c a n J o u r n a l o f M a t h e - 
m a t i e s, vol. 37 (1915), pp. 215-246. 

t Linear Dependence of Functions of Several Variables, and Completely Integrable Systems 
of Homogeneous Linear Partial Differential Equations, these T r a n s a c t i o n s , vol. 17 
(1916), pp. 483-516. 

tInvariantsandCanonicalForms, Proceedings of the National Academv 
of Sciences, vol.4(1918), pp. 300-305. 

? The one exception to this statement is the theory of curved surfaces, discussed by Wil- 
czynski in the paper referred to. 

II Note on Seminvariants of Systems of Partial Differential Equations, A m e r i c a n J o u r - 
nal of Mathematics, vol.41 (1919), pp. 123-132. 
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transformations (in cases which involve two dependent variables) are not 
always the ones of greatest interest geometrically.* 

Ordinary differential equations will not be considered, for the reason that 
the methods of this paper, insofar as they apply to ordinary differential equa- 
tions, reduce to old methods in such cases. 

Particular attention must be called to a change in terminology from the 
author's paper cited. What were there called pseudo-canonical forms are now 
termed pseudo-semi-canonical forms, the first name being reserved for certain 
new unique forms. 

The author wishes to thank Professor Wilczynski for valuable criticisms, 
which have resulted in an improvement in the form of this paper. He also 
desires to make the following further acknowledgments: Dr. A. L. Miller, in 
setting up a completely integrable system of equations to be used as a basis 
for a special theory, accidentally discovered that seminvariant coefficients 
resulted in that special case when a certain unallowable transformation was 
employed. Acting upon this hint, the author succeeded in establishing the 
results contained in his previous paper. While considering the feasibility of 
the extensions embraced in the present paper, special results of Dr. W. W. 
Denton in the theory of developable surfaces were of assistance. 

2. PSEUDO-SEMI-CANONICAL FORMS AND SEMINVARIANTS 

Let us assume that the completely integrable system of differential equations 
(a) has one dependent variable, y, and n independent variables, ul, * un; 
that it consists of p equations. each of which expresses a certain derivative of 
y linearly and homogeneously in terms of certain q primary derivatives (in- 
cluding y itself); that no primary derivative is of higher order than any of the 
left members of the equations (a); that if a given y-derivative, 

a 11+- * *+ln y 
(ull ... Oul' X 

occurs in any equation of (a), then all derivatives of lower order, from which 
the given derivative may be obtained by differentiation, are also present in 
that equation.t 

We shall group the various y-derivatives and coefficients of (a) as follows: 
* See, for example, Wilczynski's basis for the study of congruences of straight lines, in his 

prize memoir, " Sur la Theorie Gen6rale des Congruences," 1. c. Compare with that used by 
Green, in section 8 of his paper, " Projective Differential Geometry of One-parameter Families 
of Space Curves etc.," 1. c. The former employs the transformations used in the present 
paper, while the latter does not. 

t The purpose of this assumption is to insure that a transformation of the dependent 
variable shall replace (a) by a system of exactly the same form. Cf. Green, Linear De- 
pendence of Functions of Several Variables, etc., 1. c., section 6. 
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A y-derivative of the same order as the left member of its equation is said to 
be of the zeroth class. A y-derivative of order i less than the left member of 
its equation is of the ith class. A coefficient of an ith class y-derivative is of 
the ith class. 

The equation 
(la) y = x (ui,** U.)8 
yields by differentiation 

yu, = 'Xyu + Xui Y (i 1, , n), 

(lb) ~ ll ln ( 1)** n))Pi *- P,, ?JPl s - w ni n 

Pl=, *= , 11, P2= *** 12, *..,pn = 0,* *1n, where 
Ol1+..+lny _ _______ 

Yl1, "', ln = o4ull .. aul,n 

When equations (1) are substituted in the system (a) there results a new 
system, (a), of the same form as (a), in which the independent variables are, 
as before, u1. * - - . un, while the dependent variables are y, Yui (i = I, * , n , 
etc. These new variables may be expressed explicitly in terms of y, yui, etc., 
as follows: 
(2a) A=gy, A = l/X, 

pui A y[Ui + ,u ]( ,*- n), 

(2b) 
110 ln A ypi, P, 

=11, ln A Z ( (n , y Y 11-p1, ** n I 

with pl, p2, * pn as in (Ilb). 
A coefficient of (a) of the first class is of the type 

n 
(3) + pi Lxi 

A 

where the pi are integers (including zero) and the aei are seminvariant zeroth 
class coefficients of (a).* 

Let us taket n equations of the type: = 0, choosing the coefficients: in 
such a way as to permit the solution of this set of ni equations for gu1./tJ (i = 1, 

* Cf. A. L. Nelson, 1. c., section 2. It was there tacitly assumed that a first-class coefficient 
would be changed (if at all), by the transformation (la), by the addition of a multiple of a 
single such ,.-fraction. The structure of higher class coefficients of (d) is also discussed in this 
section. 

t The possibility of this will be discussed in section 8. 
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*. . , n), regarding these fractions as independent unknowns. We denote 
these solutions bv (Auj1A) 

It is of course impossible to find a function, AL *(**, us), which will 
satisfy the n differential equations 

=0, (i=1, = ,n), 

unless certain integrability conditions are satisfied. These conditions are 

(4) a_(u,. = du A8i ij= ,- ) 

Nevertheless, without assuming that equations (4) hold, we substitute the 
solutions (huji/1A) for ,uil/A in all the coefficients of (a) . 

IHowever, since (AuL/jA) and (,JAL) (i, j = 1, ***, n; i + j), are two dis- 
tinct functions of the coefficients of (a), there are two independent ways of 
substituting for pAi?j/1, namely, 

and 

A A ui A A 

This fact would give rise to a lack of uniqueness, which must be avoided by 
observing the following rule: For any particular coefficient of (a), we nust 
decide which of the two possible substitutions for ,ujAi is to be used. Through- 
out the coefficient, that substitution must be used, the symbolic identities (4) being 
employed, if necessary. For example, suppose that a certain coefficient of (a) 
is of the form 

+ aIui _2 + .+ b ul Ul U2 + CAU1 
U2U2 + 

AL AL I 

If Au1/1 = a', pa2/8 = b', then Au, u2/A = a'2 + a' b', or Au, u2/A = b'1 + a' b'. 
Either substitution for ALu1 u2/A may be chosen, but when chosen, must be used 
for Apl Ul u2/AL, ,uu, 2u2/,, and all other AL-fractions in the coefficient whose 
numerators are partial derivatives of ALU U2 * That is, supposing that iu u2/1A 
is chosen equal to a'2 + a' b', b'l must be replaced by au, whenever b'1 or one 
of its derivatives appears in the coefficient. 

Having observed this precaution, it is evident that we have formally ob- 
tained a unique form of the completely integrable system (a) . We shall call 
this form a pseudo-semi-canonical form (A), of (a), and shall use capital 
letters for its coefficients. It is completely characterized by the n equations 
B= 0, (i = 1, * , n). The seminvariance of the coefficients of (A) may 
be established by the following argument. 
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Let us refer to the set of coefficients of the system (a) as [a]. Under the 
transformation (2a) they are replaced by the set [a,.], the first class coef- 
ficients of which are of the type (3). [a] and [a,,] may be regarded as the 
coefficients of any two systems of type (a) which are equivalent under the 
transformation (2a). Apply to (a) and (a,.) the transformation y vi 
which is of the t-pe (2a). The coefficients [ a] and [ a,.v] which result have 
the following relations: (i) [a,p] are the same functions of [a,>] and vz/,v, 
(i = 1, *. * * n) as [aj] are of [a] and v i/v; (ii) [a,.,,] are the same functions 
of [a] and (yPv) u/v, (i = *, , as [aj] are of [a] and v,/v. 

In [a,] make n coefficients of the first class (see (3)) vanish by a suitable 
choice of vu/v, (i = , as functions of [a], regarding these func- 
tions (denoted by ( v)), as independent unknowns. If we substitute 
(vUs/v) for v,/v throughout [aj], and observe the above mentioned precau- 
tion concerning cross-derivatives, we obtain unique functions [A] of the ori- 
ginal coefficients [a]. The functions [A] are also unique as a set. 

Make the corresponding first class coefficients of [ ag. ] vanish. This will be 
accomplished by taking v i/v equal to the same functions, (vu,/v)', of [a,, ] as 
the (vu,/v) are of [a]. But this choice of the vui/v is equivalent to taking 

jw equal to the same functions, ( (Lw)ui/u), of [a], so that the func- 
tions ( (uv)W/,w) and (vu/v) are identical. The substitution of (vui/v)' for 
vU/P throughout [a,,,] will yield a set of unique functions, [A]', of the coef- 
ficients [a]. 

By virtue of the relation (i), the functions [A]' are the same functions of 
[la,,] and (vu/k)' as [A] are of [a] and (vu/v) . But (vu,/v)' are the same 
functions of the coefficients [ a,.] as ( Pu,/v) are of the original coefficients [a]. 
Hence the functions [A ]' are the same functions of [a, ] as [A] are of [a], 
where [a,] and [a] are the coefficients of any two systems of the type (a) 
equivalent under the transformation (2a). 

In view of the relation (ii), the functions [A]' are the same functions of [a] 
and ( (,uv)ui/,/y) as [A] are of [a] and (u v/) . Since ( (,u)Uj,Lv) and 
(vui/v) are identical, we see that the functions [A]' and [A] are identical. 
Hence they are seminvariants. 

We note that the number of seminvariant coefficients of a pseudo-semi- 
canonical form is pq - n, exactly the number of seminvariants in a funda- 
mental set as obtained by Green.* They are moreover independent, no two 
arising from the same coefficient of (a) . Hence the coefficients [ A ] are a funda- 
mental set of seminvar iantts. 

3. SEMI-COVARIANTS 

The transformation (la) leads us to two important sets of equations. One 
set is that by means of which the new coefficients (those of (a)) are expressed 

* Linear Dependence of Functions, etc., 1. c., section 6. 
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in terms of the old ones (those of (a)) and of the transformation function ,t. 
The other is the set of equations (2), which express the new variables in terms 
of the old ones and of ,A. There is a parity existing between these two sets 
which, apparently, has not usually been recognized. 

To exhibit one aspect of this parity, let us make in equations (2) the sub- 
stitutions IuA,/,' = (g,u/,i), (i = 1, , n), which are determined by the 
equations 3 = 0, (i = 1, *.*, n). In these substitutions, we disregard 
the factor ,u. The functions 

(5) Y = y, Yu; = yu, + (1j11A)Y, ( n), 
are relative covariants. We shall prove this proposition by an argument parallel 
to that made in section 2 for the seminvariance of the functions [A]. 

When the transformation (2a) is made, the set of variables 

[y]: y, yu,, etc. (i = 1, *.,n), 
is replaced by the set [y,.j, given by equations (2). When we apply the trans- 
formation y = vy to the systems ( a ) and ( a,, we get the new sets of variables 
[ YV ] and [y, v], respectively. If we substitute vPj/v = (Pvu/v) in [y,], there 
results (if we disregard the factor v) the unique set of functions [ Y]. Simi- 
larly, the substitution of vuijv = ( VUj/v)' in [ y, ] gives rise to the set of func- 
tions [ Y]'. As in section 2, we can prove the following statements, which 
suffice to establish the truth of the proposition: (i) The set [ Y]' are the same 
functions (neglecting a factor) of [y, ] and [a,.] as [ Y] are of [y] and [a]; 
(ii) Except for a factor, the set [ Y]' are the same functions of [y] and 
(Owv)uji,wv) as [Y] are of [y] and (vuzlv). Hence the functions [Y]' and 
[Y] are identical, except for a factor. 

An induction proof may be made as follows: We first show that 

(/Ai (tli ) _U lAui(i=1 , n). 

In order to do this, let us refer to the definitions of (pu,/g). Since these 
functions arise from n equations of the type (3), we have 

(6) B, = g +( (9 =l , , n). 

But, since the combinations Bg are seminvariants, 

? + Epgu acgiQ( ) = 0 (g = n1, * ,n), 

the pgi aogi being also seminvariants. By use of (3) and (6), we may put these 
equations in the form 

Zpgi agx(i [ 
= 

?Ui ) _ 0 (g 1, 
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The determinanlt of this system does not vanish, since we have assumed that 
tlle equations (6) are solvable for the (puu/g). Therefore, 

(Pui) (PU;) 1 (iYI?**,) 

As a result of this lemma, we have 

Yll = yiu, ? ( ) y = Yu ? y ? [() - J ]y =H Yui 

(i = 1, *-,n.n) 

It is also evident from (2) that Y = ,uY. Now assume that 

(7) Y.., = 

From the law of formation of the functions (5), it follows that 

Y,,.. (4){ I+...11l iii?D.+) 
Yll~~~1 ln ii_1 li++ 1+ 1i+1 1n 

+ ( P1 ) 11P1 * . i-1Pi- .li-Pi,+1 ilP+ 

(pI ) (pn ) Y u 
+ (YlPl ) Yl-p l* 1l-Pi1, li-Pi+l, 1 i+1-Pi+1l* P } 

? ( Yll) ,.(..1 .n)] 

8 Ui a n + ( ~~Pu ) 11 ,** ln 

where all summations are extended over Pi, P2* p; pl = 0 n 

pn = 0, * **, 4In Hence, by assumption (7), 

1. 7 71 ln 7ll 7' lnY { y i8 
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AU ( y ll, 
"' l 

n ) + [ 

.- 

YU ) 
y 

Yl**** 7 

1! ;)U Y1 ..ln ( 
MU 

) 11, l nd 

= Yl*s y l ..i-, ki+ 19 4i+l*sI i * n), 
which completes the induction proof. 

The form of (5) shows that all the functions there listed would be inde- 
pendent except for the system (a) . By means of (i) all y-derivatives are 
expressed linearlv in terms of the primarv derivatives. But (5) may be solved 
for y, yu^, etc., in terms of Y, Yui, etc. Hence all semi-covariants (5) are 
functions of those which correspond to the primary derivatives, and of sem- 
invariants. 

A uniquely determined set of functions may also be obtained from the 
coefficients of (a) by the substitutions 

bui/y = - ( i = 1, *, n), 

which are suggested by equations (2). This set of functions will be charac- 
terized by the relations 

YUi =0 (n=)1,...,n). 

As a result of the uniqueness of this set, they are semi-covariants. 

4. APPLICATION TO ALGEBRAIC SEMI-COVARIANTS 

We may regard a pseudo-semi-canonical form of a completely integrable 
system of linear homogeneous partial differential equations as a formal analogue 
of the reduced binary form, and of the semi-canonical form of the linear homo- 
geneous ordinary differential equation. Indeed, the suggestion contained in 
the last paragraph of section 3 may be carried out in the theory of binary 
forms. 

When the binary p-ic* 

f = aoxP + pal xP-ly + + apyP 

is subjected to the transformation 

x = ? + n-, y =7, 

the variables, xP, XP-l y, * , yP, are changed in accordance with the equations 

(8) x = ( +n ) , xp1y = .n. ., yP = 

while the new coefficients are expressed in terms of the old by means of the 
equations 

(9) a. = aO, a, = a, + naOI, a = a2 +2nai + n2aO, etc. 
* Cf. Dickson, Algebraic Invariants, 1914, p. 47. 
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The substitution in (9) of n = - q/, suiggested by (8), will yield a set of 
in(lependent semi-covariants. 

5. EFFECT OF THE TRANSFORMATION OF TIIE INDEPENDENT 

VARIABLES UPON THE COEFFICIENTS OF (a) 

Let the independent variables be transformed by means of the equations 

(10) ui = Ui(,j) (i = 1, *..,n). 

The effect upon the variables y, y,, etc., is shown by the following equations: 

= = u - , 
= 

Y = UT2 U + UT. ?ui, 

yutiuJ = U' U U . (i A j) 
=u u i lfuij u + UDIu j ) 

= U' 3 A,Ui + 3? U'U i i (Ui 
A 

U 2t'. AiUU lIUI 
yui 2ti tjUii U}YMi S+UZU Yui ui, ( i + jDI 

(11) QJui at = UT r , U[ 8ti Uj UU , (+i + j k), etc., 

-1-, Z 2, q l 1g-1 Uj1' 
Tgi-1' U) Uj' U",2U5 

* U.l UJ+ , 

w-here A a 

AO/a9 A, etc., and the qg are integers (including zero). An easy 
induction suffices to show the correctness of the last expression of (11). 

It is obvious from (11) that when the expressions there given for y, y,,,, etc., 
are substituted in (a), and the resulting equations collected in a system ({i) 
of the same type, a given y-derivative may give increments only to those 
terms of its equation whose y-derivatives yield the given y-derivative by 
(lifferentiation. For example, the new coefficient of AU ,. j in any equation of 
(t1) will be due to the old !J iUjY ?u,u,u etc., provided these derivatives are 
present in this equation. In this respect, the effects of the transformations 
(la) and (10) are similar. There is this difference to be noticed, however. 
The right member of any equation of (2) will containi all y-derivatives which 
vield by ldifferentiation the derivative in the left member of this equation. 
Of equations (11), on the other hand, there is only one, namely the first, of 
which this is true. For example, in the expression for yu,,li, (i + j), there 
occurs none of the variables y, yU9, yj , all of wThich would appear in the 
corresponding equiation of (2). 
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In order to show more explicitly the effect of the transformation (10) upon 
(a), let one of the equations of (a) be the following:* 

n 
Yt1+i, 12, ='* In E ag y1,. ., 1i,-_ ig+l, ig+, + , '' +n ? fYll, , In + 

g= 
(12) n 

+ E g YM, m.. n,, r7n+1, m,+i , mu + 7mi,, Ymn + . 

g=1 

where Vi > fmi; and where the fl-term is typical of all first class terms, while 
the c-term typifies all terms of higher class whose coefficients will, uilder the 
transformation (10), receive additional terms only from the y-derivatives 

YM, ..., M"_1 M,,_ l , m g+1, ', wMn (g = 1, *..,n), 

of order one higher than yml, , mn 
The last equation of (11) gives us, as the expression for the y-derivatives 

from the e-terms: 

YmI, *y, mg-_ , mg+ l, Mg+, Man,m 

rn A , ml M gm l I+t,9+1 nmg+1 . ..u n (13) Ym, mg-1, mg+1 mg+-1, m*1 U1 *. u;I_1 7 UgVi * * Un 

+ qlm1, ... ,m. . .. ug;'?f um'u 1U +" 

where we are assuming q, which cannot be negative, to be different from zero. 
Suppose that one of the eg-terms receives an increment, by the trans- 

formation (10), from a y-derivative of higher order than that in the EC-term, 
say from y , ... I. The expression for Yi1 ... In will be found by successive 
differentiation of (13). But since the second term of the right member of (13) 
is a product, repeated differentiation will not make the YM1 ...I m,n term disap- 
pear unless at least one of the U, and its derivatives are missing from the factor 

IMI 
In Utm-1 U7m9-1 U"ng+l U,'Mn Ul I u;l ... U17' u;11U:9~ . 

Equations (11) show that this would mean that U, would also be absent from 
the coefficient of every y-derivative in the complete expression (13). There- 
fore, in forming out of (13) the expression for yll, ..., ,, not only ymi, ***,mnI 

but Yn ***, _ mg?, m+?, .., mn as well, disappears. Hence, if an En-term 

receives an increment from a higher order derivative in its equation, the c-term 
will likewise receive an increment from the same higher order derivative. 
But this is contrary to the assumption that the c-term receives increments 
only from the derivatives in the eg-terms. Therefore the EC are unaltered, 
except for a factor, by the transformation (10). 

When the equations (11) are substituted in (12), we obtain the equation 
A 11+1 12 In IX A 1 1-1 12 ln UO 

I 

y/111.I2, * In U1 U2 U -I+qlyl,, * U1 U2 U. U1 + 

* It is not material to the argument which one of the derivatives of order 1 + 11 is the 
left member. 
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n 

9 li; a1 ( , 'gIl * g * * L91 J 9+ 1L+1 tg+ln 
g=2 

+ qq Q'1, ... * ..n U~lY u;'** Uf_1 ... Ug'l ***u' g) + .. . 

+ FI ***. n*U1 * * * Un +.. * * 

+ XE g (YQm, ***mg-1,mg?l,mu+1, ....... ..,m~ . . .. U-1 u;l-' Utn+iUt9l 2sX 
g=l 

+ q.. m, m mn u;_1 u - u;+l * u u;'' + . . . 

Upon dividing by UUnl' U2 2 * and transposing, we see that 

&=U1 iF =jj U' ( qini Eq S S) 
(14) .. U: u;1 u," . u. U.w 
(14) E= Ut 1+1 utl2 E g Ii, 

(A= u1 / 12 .. Un (g+; +U,Eaa), 

where 
77g u;Ugu;. 

All zeroth class coefficienits, therefore, are ullaltered, except for a factor, 
by the tralsformation (10). Since they are klown to be unchanged by the 
transformationl (la), they are relative ilivariants. 

If we write the 3 expression as 

(15) 3 =ff3+Lq aa n ) (ai . 1) 

we may take this as typical (except for the factor), not only of all first class 
coefficienits of (4i), but also of all coefficienits, of whatever class, which are 
altered (factors disregarded) onily by lillear combinlationls of 71i (it = 1, * ,n). 

Iln all such cases, the coefficienUts in these lilear combinatiols are unchaaged, 
except for a factor, by the tralisformation (10). 

Conlsider ally pseudo-semi-canonlical form (A) of (a), characterized by 
the relatiolls Bg = 0 (g = 1, * , in). We wish to observe the effect of (10) 
upon its coefficienits. This mayr be dolle by direct substitution, but it is 
desirable for our purpose to ilidicate a differellt method. 

The coefficients, a, of ( a ), whose vallishilg characterizes the pseudo- 
semi-callolical form, may or may Hot be ullaltered by the traisformatiol (10). 
Ill the former case, the pseudo-semi-canlonical form will be preserved, aild 
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equations (14), which describe the effect of (10) upon the original coefficients 
of (a) , will serve also to indicate its effect upon the coefficients of the pseudo- 
semi-canonical form (A). We need only read A for a, B for :, etc. 

In the latter case, the pseudo-semi-canonical form is violated, and must be 
restored by a second application of the transformation (la). Equation (15) 
shows that the undesired increments, which must be removed from the Bg, 
are at worst linear combinations of fli, , ,/ with relative invariant multi- 
pliers. In this second application of (la) to the form (A) , AU11A ,UJI. , 
must be replaced by linear combinations of the kind just described. 

We recall that the coefficients of (a) are equal to the corresponding coef- 
ficients of (a) plus linear combinations of ,-fractions with multipliers taken 
from among the original coefficients of (a) . Hence, since we are applying 
(la) to a form of (a) whose coefficients are seminvariants, we see that the 
coefficients of (A) must, certain factors neglected, equal the corresponding 
coefficients of (A) plus functions of seminvariants and of the fli, **, / and 
their derivatives. 

The foregoing paragraphs throw some light on a question which arose in 
the author's previous paper.* Certain pseudo-semi-canonical forms in the 
special cases there discussed, not only yielded simpler seminvariants than did 
the classical process, but also produced a relatively large nuimber of semin- 
variants which were relative invariants as well. 

Equations (11) show that the coefficients of the primary derivative y will be 
unaltered by the transformation (10), except for a factor. For this reason, the 
system (a) is usually much simpler than (A). However, when a pseudo- 
semi-canonical form (A) has been used which is not violated by the trans- 
formation (10), the systems (A) and (a) are identical, and we may be sure 
that at least the coefficients of y in (A) will be relative invariants. 

C). PSEUDO-CANONICAL FORMS AND INVARITANTS 

Equation (15), factors neglected, is typical of all coefficients of (A) which 
have as increments only linear combinations of -ql, * * *, -qn. Let us chooset it 
such coefficients and form the equations Bg = 0, ( g = 1, ... , in). Assuming 
that the Bg have been so chosen as to permit, we solve the equations for 

... , *1 regarding these as independent unknowns. When these solutions, 
denoted bv (fli) , , (71) , are substituted for the 71's throughout (A.) , we 
obtain (formally) a form (21) of (A), whose coefficients are unique except 
for certain factors Uilll .. UI . We shall call this form, which is charac- 
terized by the relations Q3. = 0 (g = 1, , n) , a p8seudo-canonical forit 
of (a), and denote its coefficients by German capitals. By an arguiment 

* A. L. Nelson, 1. c. Cf. section 6. 
t Cf. the discussion in section 8. 



1921] PSEUDO-CANONICAL FORMS 193 

analogous to that used in section 2, we are able to prove that these coefficients 
are unchanged, factors neglected, by the transformation (10). Since, in 
addition, the coefficients of (A) are functions of seminvariants and of qli, 
***, 71n I and -the (fli), *I* *, (n) are seminvariants, it follows that the coef- 
ficients of ( a) are relative itnvariants. 

The invariants thus formed are in number 2n less than the total number of 
original coefficients of (a) . That is to say, our set is n short of the number 
required for a fuundamental set. Those we have are evidently independent, 
and it remains to indicate how n more may be formed, independent of each 
other and of those already obtained. These supplementary invariants may 
be found by a device exactly analogous to that employed by Wilczynski.* 

In section 2 it was proved that 

In an exactly similar manner, it may be shown that, except for a factor, 

(16) (7qi) = (7qi) - -q (i = 1, .., n). 

The second equation of (14) shows that ag (-qg) must be transformed by (10) 
in accordance with the equations 

a. (71g) = la j?4(ng) + **] (g =1 **.,n). 

Substitution of the first equation of (14) gives 

(17) (^g) 14[( + 

for all (ing) which arise from first class coefficients. Similarly, the third arild 
fourth equations of (14) prove that for all other (-q), the same factor, 1/U, 
occurs. Hence, combining (16) and (17), we see that the complete expression 
for (77) is 

(7/7i) = u [ (-qi) -7Ri] (il n). 

Choose any other relative invariant, 0, where 

0 =U 1 U . 

By differentiation, we obtain 

aui U a[ U1 2 ] 

* One-parameter Families, etc., 1. c. Cf. equations (25). 
Trans. Am. Math. Soc. 13 
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= LJ/[LUi . olti + i 1 i-zl i7 + 1 n7i ] 

(i= 1, --, n), 

so that 

Aui 
I F7t[?i 1 

The functions 
ili(1i + oui/o (i=1 0n), 

will be n new relative itnvariants, evidently independent of each other. They are 
also independent of the invariants which are coefficients of the pseudo-canonical 
form, because none of these coefficients possessed anv of the ( 7i) as leaders. 

WATe recall here general principles underlying the formation of the coef- 
ficients of the pseudo-canonical form (st) . Neglecting factors, the zeroth 
class coefficients of (st) are equal to the corresponding coefficients of the 
pseudo-semi-canonical form (A) from which (2s) was formed. The non- 
vanishing coefficients of the first class are linear combinations of first class 
seminvariant coefficients of (A), the coefficients in these linear combinations 
being numerical multiples of zeroth class invariants. Each of the invariants 
of any particular class higher than the first, is equal to the corresponding 
seminvariant coefficient of (A) plus combinations of lower class seminvariant 
coefficients. 

Hence, in the set of invariants, including the n invariants 

(18) li( 7i) + Ou/0 (i = 1,n) 

we may solve for the corresponding seminvariant leaders. As a result, any 
invariant whatever of the original completely integrable system (a), being 
known to be a function of the fundamental seminvariants and their derivatives, 
is seen to be a function of the invariant coefficients of (st) and of the invari- 
ants (18). Therefore these invariants are a fundamental set. 

7. COVARIANTS 

The semi-covariants (5) may be regarded as the variables of the pseudo- 
semi-canonical form ( A ). Under the transformation (10), thev will be altered 
in accordance with equations (11), reading Y, Yui, etc., for y, yu,, etc. We 
may solve these equations, so as to express Y, Yu, etc., in terms of Y, YU etc. 

However, if the pseudo-semi-canonical form is violated by the transforma- 
tion (10), it must be restored by a transformation of the tvpe (la). In other 
words, equations (2), with AUut I , *u,uun/, so chosen as to put the system (A) 
in the pseudo-semi-canonical form again, must in such cases follow the trans- 
formation (10), in order to give in final form the effect of (10) upon the semi- 
covariants (5). This will give us expressions for Y, Yui, etc., as functions of 
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the semi-covariants (5), the seminvariant coefficients of (A), and of U, * 
U'n y 771 i * ' ', 77n . 

The substitutions 77j = (71i) (i = 1, n, ) , which produce the pseudo- 
canonical form (st) of (A), will also give a unique set of equations which 
express Y, Yu , etc., in terms of Y, Yi, etc. Neglecting the factors U; 1, 
* , U' , let us call these expressions ), 2),, etc. They are relative covariants, 
and are characterize(d as a set by the relations Q3 =0 (g = 1, ,n) 
which are characteristic of the pseudo-canonical form (s) . 

Those of the D, .)uj, etc., up to a certain order, which is determined by the 
left members of the completely integrable svstem (a), are evidently inde- 
pendent. A-11 covarianits are functions of these independent ones and of invariants. 

It is sufficient merely to remark that fundamental sets of simultaneous 
invariants and seminvariants of sets of completely integrable systems of 
partial differential equations may be constructed by the method outlined in 
the preceding sections. Examples of such sets, of which the simultaneous 
invariants might be of great interest, are suggested by two theorems of Koe- 
nigs* concerning, the perspective plane nets of the asymptotic lines and of 
conjugate systems of curves on curved surfaces. Further examples are 
furnished bv the Laplace suite, as applied to plane nets,t to conjugate nets of 
curves on surfaces,t and to congruences of straight lines.? 

8. CONCERNING THE POSSIBILITY OF SECURING A PSEUDO-CANONICAI, FORn 

It must be emphasized that the "reduction" of a completelv integrable 
system (a) to a pseudo-semi-canonical form is possible only when there are 
present n first class coefficients of (a) of the type (3). Moreover, even after 
such a pseudo-semi-canonical form (A) has been obtained, the further "re- 
duction " of (A) to a pseudo-canonical form can be accomplished only when 
we have n additional coefficients of (A), of the first and higher classes, of the 
tvpe (15), not corresponding to the n coefficients of (a) previously used. 

It would be very desirable, therefore, to show that the situation just de- 
scribed always arises. Unfortunately, this very general conclusion cannot be 
established. On the contrary, an important example is at hand to prove the 
impossibility of such a conclusion. We are, however, able to show that for a 
large class of completely integrable systems, the method with which this paper 
has concerned itself, may be used. 

* Paris Comptes Rendus, vol. 114 (1892), pp. 55-57; p. 728. 
t E. J. Wilczynski, One-param.eter Families, etc., I. c., section 4. See also A. L. Nelson, 

Quasi-periodicity of Asymptotic Plane Nets, B u l le t i n o f t h e A m e r i c a n M a t h e - 
matical Society, vol. 22 (1916), pp. 445-455. 

t G. M. Green, Projective Differential Geometry of One-parameter Families of Space Curves, 
etc., 1. c., section 6. 

? E. J. Wilczynski, Sur la Th6orie G6n6rale des Congruences, 1. c. 
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Suppose that the highest order derivative occurring in the completely 
integrable system is of order k, and that all kth order derivatives of y are 
present. For the purpose of our discussion, it is immaterial whether all the 
kth order derivatives are the left members of the equations of the system, or 
some are primary derivatives. There are in all* 

Hn = Cn+k-1 _ n(n + 1)*(n + -1) 

of these partial derivatives of order k. Among the cross-derivatives of this 
order will be a certain number of the type 

(19) Yll, *A. 1, l 1, lrl* B11I+ t-1, 1, 1tE +J, "' 1, 

which have been obtained by one and but one differentiation with respect to 
certain of the independent variables, ur, U8, Ut, etc. Each such derivative 
must vield an increment to the coefficient of every derivative of lower order 
out of which (19) comes by differentiation. In particular, the coefficients of 
the first class derivatives 

Y 11, lr1, _ 1 r+1 * , In Y 11, *, 1@ 1, 0, l1s+l ", In 

(20) 
Y ll *, l t-l o, ,t+l * .l. In,etc. , 

in the system (a), will receive, respectively, the increments 

(21) /-4r//1 n /1u,// 84, 8 etc. 

Let us trv to count the derivatives of the type (19), listing them under n 
beads, according as ul, U2, * or Un, is the independent variable which is 
represented just once in (19). Except for duplications there would be n * Hk_z 

of these derivatives. However, when a certain derivative would be listed 
under a number of these heads, that single derivative will yield suitable incre- 
ments to the same number of first class coefficients. Hence there are exactly 

H`i_ increments of type (21) to coefficients of first class derivatives (20) 
from k-th order derivatives (19). 

For n = 2, this number is exactly 2, for all values of k. For k = 2, it is 
equal to n (n-1). Moreover, HUn- increases with either n or k. Therefore, 
for n > 1, k > 1, there will be at least n coefficients of the first class of (a), 
of the required type, which will serve to determine a pseudo-semi-canonical 
form. Equations (1) show that such a pseudo-semi-canonical form will be 
undisturbed by the transformation (10). 

It must be remembered that, in general, the n * H`z} coefficients we have 
considered are by no means the onlv possible ones for our purpose. Deriva- 
tives of tvpe (19) may yield suitable increments to other coefficients than those 

* Chrystal, Algebra, Part II, sec. 10, p. 10. 
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of tvpe (20). Moreover, kth order derivatives of other types than (19) may 
give rise to proper increments. 

Having obtained a pseudo-semi-canonical form (A), determined as outlined 
above, our next concern is with the system (A) . But, as has been remarked 
in section 5, it will suffice to discuss (4a) . Consider the n " straight " deriva- 
tives 

Y0 (j1 Xn), 

of order k, in the system (a) . Each of these will give an increment, - qi 7j, 
to the coefficient of yu-1 in its equation. None of these straight derivatives 
have been used in the determiiiation of the pseudo-semi-canonical form. 
Hence they may be made use of to secure a pseudo-canonical form. 

In addition to the coefficients of (A) suggested, we have available, in gen- 
eral, certain suitably incremented coefficients of (A) which come from cross- 
derivatives. Indeed, the cross-derivatives (19) yield increments of the proper 
type to certain first and higher class coefficients of (A) which have not been 
used in the determination of the pseudo-semi-canonical form. 

The above discussion shows that one or more pseudo-canonical forms may 
surely be obtained in completely integrable systems of the rather regular type 
assumed, provided all the kth order derivatives are present. Indeed, especially 
for larger values of n or k, we are assured a large freedom in the choice of the 
2n coefficients whose vanishing characterizes a pseudo-canonical form. This 
indicates that pseudo-canonical forms may be obtained in a great number of 
less regular completelv integrable systems. 

In cases where some of the kth order derivatives are primary derivatives, 
however, one or more of them mav be removed by a preliminary transformation 
of the tvpe 

'Ui =i Oi,tl Un) ( -n 

which refers the configuration to a particular set of parametric curves. If a 
sufficient number of these primary derivatives are removed from all of the 
equations of the completely integrable system, the number of suitably incre- 
mented coefficients of (ia) or (1A) may become less than n, so that the pseudo- 
semi-canonical form, or the pseudo-canonical form, or both, cannot be obtained. 

An example of such systems is the one used by Wilczynski* in the study of 
curved surfaces referred to their asymptotic lines. It is only possible, in 
this case, to obtain a pseudo-semi-canonical form, which coincides with his 
canonical form. 

THE UNIRVERSITY OF MICHIGAN 

* E. J. WVilezynski, Projectite Differenltial Geometry of Curved Sur.faces, 1. c. Cf. equations 
(27), (37), (38) ancl (46). 
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